In this work we study a mixed problem with an integral space variable condition for a parabolic equation of mixed type. The existence and uniqueness of the solution in functional weighed Sobolev space are proved. The proof is based on two sided a priori estimates and the density of the range of the operator generated by the considered problem.
Introduction
In the rectangle = (0; T ) (0; 1) ;we consider the equation
to equation ( 1) we add the initial conditions, lu = u (0; x) = ' (x) ; x 2 (0; 1)
l 1 u = @u @t (0; x) = (x) ; x 2 (0; 1)
the Dirichlet condition, u (t; 1) = 0; t 2 (0; T ) ;
and integral condition,
Here, we assumed that the function ' and satis…es the conditions given in (4) and (5), i.e.
' (1) = 0;
The importance of problems with integral conditions has been pointed out by Samarskii [9] . Regular case of this problem is studied in [5] . The problem where the equation countain an operator of the form
, is treated in [8] . Similar problems for second order parabolic equations are investigated by the potential method in [7] . Tow-point and tree-point boundary value problems for parabolic equations, with an integral condition, are investigated using the energy inequalities method in [1] , [2] , [3] , [4] , [10] , [11] , [12] , [13] , [14] , [15] , [16] and the Fourier method [6] .
Preliminaries
We associate to problem (1)-(5) the operator L = (L; l; l 1 ), de…ned from E into F , where E is the Banach space of functions u 2 L 2 ( ), satisfying (4) and (5), with the …nite norm.
and F is the Hilbert space of vector-valued functions F = (f; '; ) obtained by completion of the space L 2 ( ) W 
where
Using the energy inequalities method proposed in [10] , we establish two-sided a priori estimates. Then we prove that the operator L is a linear homeomorphism between the space E and F .
3 Two-sided a priori estimates Theorem 1 he following a priori estimate
holds for any function u 2 E, where the constante C is independent of u.
Proof. Using equation (1) and initial condition (2) we obtain
and
combining the inequalities (10) and (11), we obtain (9) for u 2 E.
Theorem 2 For any function u 2 E, we have the inequality
where the constante = Before proving this theorem, we …rst give the following lemma.
Lemma 1 For u 2 E satis…ng the condition (3).
Solvability of the problem
From estimates (9) and (12), it follows that the operator L : E ! F is continuous and its range is closed in F . Therfore the inverse operator L 1 exists and continuous, from the closed subspace R (L) onto E, which means, that L is a homeomorphism from E to R (L) and so to have a unique solution to the problem it remains to show that R (L) = F . The proof is based on the following theorem. 
for ! such that (x) ! 2 L 2 ( ) and all u 2 D 0 (L), then ! vanishes almost everywhere on .
Theorem 4
The range R (L) of the operator L coincide with F:
